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ABSTRACT
Substructure in distant gravitational lens galaxies can be detected because it alters the brightnesses
and shapes of the lensed images. The optical and radio flux ratios in the four-image lens B1422+231
imply that there is a ∼ 104–107 h−1M⊙ mass clump in the lens galaxy in front of image A; this is the
first constraint on the mass of a particular clump lying in a distant galaxy and detected by its mass.
The data also indicate that a small clump, perhaps a star, is passing in front of image B and making the
optical flux ratios variable. Both of these hypotheses can be tested with new observations. B1422+231
demonstrates how data at different wavelengths can be used in individual lenses to probe individual mass
clumps in distant galaxies.
1. introduction
In hierarchical models of structure formation, the
amount of substructure in dark matter halos provides an
important test of the nature of the dark matter. For cold
dark matter (CDM), mass clumps can survive the merger
process and halos are predicted to be lumpy (Klypin et
al. 1999; Moore et al. 1999); while for alternate types of
dark matter (e.g., warm or self-interacting), mass clumps
are disrupted during mergers and halos are predicted to
be much more smooth (Spergel & Steinhardt 2000; Colin,
Avila-Reese & Valenzuela 2000; Bode, Ostriker & Turok
2001). In the Local Group, the number of dwarf galaxy
satellites is much smaller than the number of subhalos pre-
dicted by CDM, which has been interpreted as a poten-
tially profound problem with CDM (Klypin et al. 1999;
Moore et al. 1999). This conclusion is not unambigu-
ous, however. Astrophysical processes such as photoion-
ization can quench star formation in small halos (Bullock,
Kravtsov & Weinberg 2000), so the number of detectable
satellite galaxies may under-represent the amount of sub-
structure in galaxy halos.
Gravitational lensing offers a better test for substruc-
ture because it is directly sensitive to mass. The image
brightnesses in strongly lensed systems are very sensitive
to small-scale structure in the lens galaxy. Any mass
clump, such as a globular cluster, gas cloud, or satellite
galaxy, can alter the brightness of an image by an arbitrary
amount (relative to a lens where the mass is smoothly dis-
tributed; Mao & Schneider 1998; Metcalf & Madau 2001;
Chiba 2001; Dalal & Kochanek 2001). Even a clump as
small as a star can perturb the images of small sources
(. 0.1 pc; e.g., Chang & Refsdal 1979); in this case, the
star’s orbital motion can also induce variability in the im-
age brightness with a time scale of order months (e.g.,
Irwin et al. 1989). I use the term “sub-lensing” for the
generic phenomenon of strongly lensed images being per-
turbed by substructure in the lens galaxy, and reserve the
term “microlensing” for events in which the time variabil-
ity is detectable.
The four-image lens B1422+231 is an example of a sys-
tem where sub-lensing appears to be important. The flux
ratios between the images depend on both wavelength and
time in a way that is inconsistent with smooth lens mod-
els (Keeton, Kochanek & Seljak 1997; Mao & Schneider
1998; Metcalf & Zhao 2001; also see §2). I propose that
the wavelength and time dependence imply two distinct
sub-lensing events occurring in this system: a relatively
massive subhalo in front of image A makes the radio flux
ratios differ from the optical flux ratios; and a small ob-
ject, perhaps a star, passing in front of image B makes the
optical flux ratios change with time. The sub-lensing ex-
planation for image A has been considered before (Mao &
Schneider 1998; Chiba 2001; Dalal & Kochanek 2001), but
only using a statistical treatment to determine whether a
plausible collection of mass clumps could explain the ra-
dio flux. Here I examine the hypothesis in more detail,
using joint fits to the radio and optical data to obtain evi-
dence for, and constraints on, particular objects acting as
the perturbers. Section 2 reviews the data for B1422+231
from the literature, Section 3 discusses modeling methods,
Section 4 presents results from the models, and Section 5
offers conclusions.
2. data
B1422+231 consists of a radio-loud quasar at redshift
zs = 3.62 that is lensed into four images by an ellipti-
cal galaxies at redshift zl = 0.34 (Patnaik et al. 1992).
The lens galaxies lies in a poor group of galaxies that con-
tributes an important tidal shear to the lensing potential
(Hogg & Blandford 1994; Kundic´ et al. 1997). The shapes
and polarizations of the images inferred from VLBA ob-
servations are fully consistent with lensing (Patnaik et al.
1999). For the lensed images, high-precision astrometry
from the VLBA maps yields relative positions with error
ellipses roughly 0.2 mas by 0.04 mas (Patnaik et al. 1999).
HST imaging yields the relative position of the lens galaxy
with an uncertainty of 4 mas (Falco et al., in prep.).
Photometry of the four images has been obtained nu-
merous times at several radio frequencies and in various
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optical and near-IR passbands. The most useful data
are flux ratios between the images, which are shown in
Fig. 1. Flux ratios are independent of the intrinsic flux
and variability of the source,2 so they should be indepen-
dent of both time and wavelength in simple lens models
(see Schneider, Ehlers & Falco 1992). Contrary to expecta-
tions, there is a significant difference between A/C(radio)
and A/C(optical) that persists over time. The radio flux
ratio has long presented problems for lens models (e.g.,
Keeton et al. 1997); rather than being a failure of imagi-
nation among modelers, the problem is generic to smooth
lens models (Mao & Schneider 1998). The flux ratios
A/C(optical), A/C(radio), and B/C(radio) are all consis-
tent (at better than 95% confidence) with being constant
over at least a 6-year baseline,3 while B/C(optical) appears
to have declined in recent years. The data therefore reveal
two puzzles in B1422+231. First, why is the A/C flux
ratio different at radio and optical wavelengths? Second,
why is the B/C flux ratio constant at radio wavelengths
and variable at optical wavelengths? I propose that both
puzzles can be solved by invoking small-scale structure in
the lens galaxy, as explained in §4.
Fig. 1.— Flux ratios for B1422+231 as a function of time. The
dashed lines indicate the flux ratios predicted by the macromodel
for the lens (see §3). The optical/near-IR data come from Remy et
al. (1993), Hammer et al. (1995), Yee & Bechtold (1996), Impey et
al. (1996), and Falco et al. (in prep.). The radio data come from
Patnaik et al. (1992, 1999) and Patnaik & Narasimha (2001). Dif-
ferential extinction has little effect on the flux ratios (Falco et al.
1999).
3. modeling techniques
The lensing analysis begins with a smooth lens model, or
macromodel, fit to the global properties of the lens. I use a
fiducial model consisting of a singular isothermal ellipsoid
for the lens galaxy and an external shear to represent the
tidal perturbation from the group around the lens galaxy.
The model is constrained using the position data only (be-
cause the fluxes are the subject of the sub-lensing analy-
sis). The model gives a very good fit; the image positions
are fit arbitrarily well, and the galaxy position is offset by
(∆α,∆δ) = (−3.4,−5.2) mas giving a total χ2 = 2.4 for
two degrees of freedom. The best-fit lens galaxy has an el-
lipticity e = 0.31±0.02 at position angle θe = −56.
◦1±0.◦2,
with an external shear γext = 0.164±0.005 at position an-
gle θγ,ext = −52.
◦60 ± 0.◦03. (All uncertainties are at 95%
confidence.) Even though the model was not constrained
by the image flux ratios, it agrees well with the B/C and
D/C flux ratios and slightly underpredicts the A/C opti-
cal flux ratio (see Fig. 1). Table 1 gives the convergence κ,
the shear amplitude γ and direction θγ , and the magnifica-
tion µ predicted by the macromodel at each image. Other
macromodels can be found that predict different values for
the convergence and shear at each image. Changes to the
macromodel would therefore modify the detailed quanti-
tative results from the sub-lensing analysis — but would
not change the main conclusion that sub-lensing is at work
in B1422+231.
In a sub-lensing analysis a mass clump is added to the
macromodel near one of the images, and the new lens equa-
tion is solved to find the properties of the perturbed image.
(Clumps lying far from the image can be considered to be
part of the macromodel and need not be treated explicitly;
see Metcalf & Madau 2001.) The new model is evaluated
with a χ2 statistic defined from the flux ratio data in Fig. 1.
I consider two types of mass clumps: a point mass rep-
resenting highly concentrated clumps, such as individual
stars or globular clusters; and a singular isothermal sphere
(SIS) representing more extended clumps, such as dwarf
galaxy satellites. Other clump models are possible, but
these two are sufficient for demonstrating that sub-lensing
can explain the puzzles in B1422+231, and for illustrating
how the results depend on the clump model.
I assume that the radio and optical emission sources are
coincident but have different sizes. Combining the VLBA
image shapes (Patnaik et al. 1999) with the macromodel
suggests that the radio source is roughly circular with a
FWHM of ∼ 0.4 mas. The continuum optical emission
region in quasars is thought to be ∼ 1015 cm in size (e.g.,
Rees 1984; Wyithe et al. 2000), corresponding to . 10−4
mas for the source in B1422+231.
Table 1. Macromodel Results
Image κ γ θγ (
◦) µ
A 0.384 0.476 −29.0 6.57
B 0.471 0.634 −49.5 −8.26
C 0.364 0.414 −83.1 4.29
D 1.863 2.025 −55.1 −0.30
Note — The angles θγ are quoted as position angles mea-
sured East of North.
2 Provided that the time scale for intrinsic variability is long compared with the time delay between the images, which is true for B1422+231
(e.g., Patnaik & Narasimha 2001).
3 Patnaik & Narasimha (2001) claim to see systematic variations in the 15 GHz radio fluxes during March–September 1994, but the putative
variations are smaller than the errorbars.
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Fig. 2.— Maps of the radio images predicted by various sub-
lensing models for image A, assuming infinite resolution. Results are
shown for models with a point mass clump (left) and an SIS clump
(right); each panel gives the clump mass as logM (in h−1M⊙). The
axes are labeled in mas, and the contours are spaced by 0.2 dex.
4. sub-lensing results
4.1. Image A
In the sub-lensing picture for image A, a relatively large
mass clump perturbs the radio flux but not the optical flux.
Two conditions are required for the picture to work. First,
the clump must be massive enough to have an Einstein ra-
dius comparable in size to the radio source. Second, the
clump must be located at a position where it can affect the
radio image but not the optical image — which is possible
because the radio image (size ∼ 2.1 × 0.4 mas; Patnaik
et al. 1999) is so much larger than the optical image (size
. 10−4 mas).
Small clumps cannot produce strong enough perturba-
tions to explain the difference between the radio and opti-
cal flux ratios, so fits to the data yield lower limits on the
clump mass. For fiducial point mass and SIS clumps, the
mass limits are (at 95% confidence)
M >
{
0.9× 104 (Rsrc/0.4 mas)
2 h−1M⊙ PM
1.0× 106 (Rsrc/0.4 mas)
3/2 h−1M⊙ SIS
(1)
In this mass range, the time scale for variability due to mo-
tion of the clump is several hundred years or longer. The
mass limits depend on the clump model because, for a
given clump mass, highly concentrated point mass clumps
produce larger changes in the lensing potential than more
extended SIS clumps. Above these lower limits, the flux
data leave a degeneracy between the mass and position of
the clump. A more massive clump produces a stronger per-
turbation, but it can still explain the fluxes if it is moved
to a lower surface brightness region of the radio image
(keeping the total radio flux fixed).
The mass degeneracy can be broken by adding infor-
mation about the shape of the radio image. Fig. 2 shows
that the image shape depends on the clump mass; more
massive clumps produce more substantial distortions. Ex-
isting 1 mas resolution VLBA maps do not show visible
distortions of the type seen in Figures 2c or 2f (Patnaik et
al. 1999), so they imply that the clump mass is not high,
M .
{
105 (Rsrc/0.4 mas)
2 h−1M⊙ PM
107 (Rsrc/0.4 mas)
3/2 h−1M⊙ SIS
(2)
Higher resolution maps will do one of two things. If they
do not reveal any shape distortions in image A, they will
disprove the sub-lensing hypothesis as an explanation for
the anomalous radio flux ratio in B1422+231. However,
if they do show distortions in image A that are not seen
in the other images, they will prove the existence of a
clump in front of image A. They will permit more sophis-
ticated models to use the image shape to determine the
position and mass of the clump. Moreover, because the
image shape depends on the nature of the clump (e.g.,
point mass or SIS; see Fig. 2), it will allow models to de-
termine the mass distribution within the clump. This is
an important general result: flux data alone produce mass
constraints that depend on the type of clump assumed;
but image shapes provide enough additional constraints
to determine clump properties like size and density (see
Metcalf & Madau 2001 for more discussion).
4.2. Image B
For image B, sub-lensing must produce a variable opti-
cal flux ratio without significantly affecting the radio flux
ratio. The lack of change in the radio data now gives an
upper limit on the clump mass. The optical variability
suggests that this may be an example of stellar microlens-
ing — the clump(s) may simply be one or more stars in
the lens galaxy. I restrict attention to models where a sin-
gle clump is responsible for the variability, motivated by
two reasons. First, the main goal is to determine whether
sub-lensing can explain image B, and it makes sense to
start with the simplest possible model to see whether it
is sufficient. Second, the image lies far from the center of
the lens galaxy where the optical depth for microlensing
is small, which is equivalent to saying that sub-lensing is
likely to involve a single star.
Fig. 3 shows the χ2 versus the clump mass for mod-
els optimized over the position and velocity of the clump.
The data can be fit by a single point mass with any mass
M . 200 h−1M⊙. (With a reasonable optical source size
of 10−4 mas [see §3], finite source size effects do not pre-
clude point mass clumps down to at least 0.1 h−1M⊙.)
Thus, the current data are consistent with microlensing
by a single star with a reasonable mass. The data can also
be fit by an SIS clump with 100 . M . 4000 h−1M⊙,
although in this mass regime the SIS model may be phys-
ically implausible.
Fig. 3.— The χ2 versus clump mass for sub-lensing models of
image B. The models are optimized over the position and velocity
of the clump, so there are 8 degrees of freedom. Results are shown
for point mass (PM) and SIS clump models. The dotted line shows
the 95% confidence limit.
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Fig. 4.— The B/C flux ratio as a function of time. The points
show the data, while the curves show predictions from all of the
models in Fig. 3 that fit the data at better than 95% confidence.
The triangles and horizontal lines denote the radio flux ratio, while
the squares and curves denote the optical flux ratio. The main pan-
els show an extended time period, while the insets highlight the
period spanned by the data.
Fig. 4 shows the B/C flux ratio as a function of time for
all of the models that fit the data at better than 95% con-
fidence. Some SIS sub-lensing models predict that image
B experienced a caustic-crossing event in the year 2000
or 2001. More robustly, all models predict that the op-
tical flux ratio will continue to decline for several more
years, and will soon reach a point where image B is fainter
than both images A and C. The fact that sub-lensing de-
amplifies optical image B is important, and is due to the
fact that B is a parity-reversed image. Further monitor-
ing of the B/C optical flux ratio will be very important to
test the sub-lensing hypothesis for image B. Measurements
several times a year for several years should reveal contin-
ued variability, providing improved data and allowing new
models to determine whether the variability requires one
or many stars. Polarimetric and/or spectral monitoring of
the images could even provide constraints on the relative
sizes of the continuum emission and the absorption regions
in the source (e.g., Belle & Lewis 2000).
5. conclusions
Substructure in the lens galaxy offers the first success-
ful explanation of the wavelength and time dependence in
the flux ratios of the lens B1422+231. The difference be-
tween the optical and radio flux ratios of images A and C
implies a mass clump in front of image A. A highly con-
centrated clump must have a mass of ∼ 104–105 h−1M⊙,
while a more extended clump must have a mass of ∼ 106–
107 h−1M⊙. This is the first evidence for a particular ob-
ject of mass ∼ 104–107 h−1M⊙ lying in a distant galaxy
and detected by its mass. Sub-mas resolution radio maps
should either confirm the clump and strongly constrain its
mass, position, size, and density — or else rule out the
clump hypothesis altogether.
The time dependence in the optical flux ratio of images
B and C implies that a small mass clump is passing in
front of image B; the object could be a normal star, or an
extended object of mass ∼ 103 h−1M⊙. Models with a
single clump predict that the B/C optical flux ratio will
continue to decline for several more years, so photometric
monitoring will test the sub-lensing hypothesis and reveal
whether the variability is due to one star or many.
This analysis of B1422+231 complements the recent sta-
tistical analyses of lensing and substructure by Dalal &
Kochanek (2001) and Chiba (2001). The statistical ap-
proach uses flux ratios for an ensemble of lenses to place
limits on the statistical properties of subhalo populations,
showing that they are consistent with CDM and incon-
sistent with known satellite populations. By contrast,
B1422+231 demonstrates that analysis of more detailed
data in individual lenses, including photometry at multi-
ple wavelengths and epochs and high-resolution maps of
radio images, can constrain individual mass clumps in dis-
tant galaxies.
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